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Infinite particle systems of long range 
jumps with long range interactions 


Syota Esaki 


Abstract 

In this paper a general theorem for constructing infinite particle systems 
of jump type with long range interactions is presented. It can be applied to 
the system that each particle undergoes an a-stable process and interaction 
between particles is given by the logarithmic potential appearing random ma¬ 
trix theory or potentials of Ruelle’s class with polynomial decay. It is shown 
that the system can be constructed for any a G (0, 2) if its equilibrium mea¬ 
sure [X is translation invariant, and a is restricted by the growth order of the 
1-correlation function of the measure \x in general case. 


1 Introduction 

The studies of infinite particle systems with interaction were started from around 
1970’s by Spitzer m and Liggett EE]. They constructed systems of particles 
moving on lattices (e.g. the square lattice by means of Feller processes on the 
conhguration spaces, which are compact with the product topology. In this paper we 
discuss inhnite particle systems of jump type with interaction on continuum spaces. 
In the case where the continuum space is the d-dimensional Euclidean space the 

conhguration space is represented as 

im = {e = E < oo for all compact sets K C M*^}, 

i 

where 6a stands for the delta measure at a. We endow VJH with the vague topology. 
Then 911 is a Polish space and 9T C 971 is relative compact if and only if sup^^g^ ^ (K) < 
oo for any compact set K gW^. For x,y G and ^ G 971, we write = ^ — 6x + 6y 
and ^ \ X = ^ — da; if ^({x}) > 1. 
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An infinite particle system of jump type is characterized by its rate function 
c(^, X] y), x,y) E Tl X X which controls the jump rate from x to y under 
the conhguration We consider, in this paper, the case that the rate function is 
given by c{^,x;y) = 0 if ^({x}) = 0, and 


c{^,x;y) 


PAx) 


if ^({x}) > 1, 


with some positive measurable function z/ on x x and some probabil¬ 
ity measure y on Tl. Here, yx is the reduced Palm measure dehned by yx = 
h (■ ~ ^ 1) for ^ ^ P^(^) is the 1-correlation function of y and dyy/dyx 

is the Radon-Nikodym derivative of yy with respect to yx- We then introduce the 
linear operator Lq on the space of local smooth functions 'Dq in fl2.ip dehned by 


Lof{0= [ adx) [ dyc{^,x;y)[f{C^)-f{0], 

jRd. jRd 


and the associated bilinear form (£ on 2)oo in 02.31) given by 

(1-1) ^{f, 9 ) = ^[ dy f i{dx) f v{i,x]y){f{C'^) - f{i)}{g{C^) - g{Cl}dy. 

^ JxiX JRd. jRd 

For R > 0, the subset DJIr = {.^€071; \xi — Xj\ > R tor i ^ j } of 971, which 
is regarded as the conhguration of hard balls, is compact with the vague topology. 
Then by using a slight modihcation of Liggett’s theorem [H], we can construct the 
Feller process generated by the closure of Lq describing an interacting particle system 
of hard balls moving by random jump on under suitable assumptions on the rate 
function c [18]. In this situation the rate function c satishes the following detailed 
balance condition: 

c(r^, y] x) = c(^, x; y) ^}^\ \y), X,y e 

pRy) dyy 

Hence, we see that /i is a reversible measure of the process and the closure of the 
bilinear form (S, S7oo) is the Dirichlet form associated with it. However, the above 
argument by Liggett’s theorem can not be applied to construct the process on 971, 
since 971 = 97lo is not locally compact. 

The dihusion processes on general Polish spaces, which may be non-locally com¬ 
pact, are constructed by the Dirichlet form theory (e.g. Kusuoka [1], Ma-Rockner 
[8], Osada [9] and others). The inhnite particle system of jump type with interac¬ 
tion was also constructed by Kondratiev-Lytvynov-Rockner [3], Lytvynov-Ohlerich 
[7|. They treated the case that the reversible measure /i is a Gibbs measure in [3] 
and a determinantal random point held in [7|. A determinatal random point held 
is associated with its correlation operator K with Spec(iF) C [0,1]. Their result in 
[7| excludes the case that Spec(iF) contains 1, which includes Sine, Airy, Bessel and 
Ginibre random point helds. 
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Let <L : —>■ R U {cxo} be a self-potential and : R'^ x R*^ —)■ R U {cxo} an 

interaction potential with ^{x,y) = '^{y^x). Osada [lU |T2] introduced a class of 
probability measures on DJt associated with $ and 'L, and called its element a quasi- 
Gibbs measure (Definition [23]). The class includes Gibbs measures of Ruelle’s class 
and Sine, Airy, Bessel and Ginibre random point fields mm- He constructed 
a diffusion process describing a system of infinite Brownian particles with the po¬ 
tentials <h and T by Dirichlet form technique related to quasi-Gibbs measures, and 
showed in m that the diffusion process solves the infinite dimensional stochastic 
differential equation (ISDE) : 

1 1 °° 

dX,{t) = dB,{t) - ^ VT(X,(t),Xfc(f))dt, j e N. 

^ k=l 

It is an interesting and natural problem to extend Osada’s results to infinite 
particle systems in which each particle undergoes a Levy process of jump type 
(e.g. Gauchy process). In this paper we study the construction of the processes 
describing inhnite particle systems of jumps with the potentials <I> and T, by Dirichlet 
form technique. The related inhnite dimensional stochastic differential equations are 
treated in the forthcoming paper [T]. 

We make some assumptions in Section 2. Assumption (A.l) is the closability 
of the bilinear form (S, 2)oo). For a long range interaction potential T, such as the 
log-potential, c(^, x; y) is not generally well-dehned for some (^, x; y) because of the 
divergence of dfiy/dfix- The closability of the bilinear form (£, 25oo) ensure that c is 
well-dehned /i-almost surely. Theorem 12.51 states that (€, S5oo) is closable if p is a 
quasi-Gibbs measure with assumption (A.4). We denote the closure of (C, 25oo) by 
(€, 25). Theorem 12.11 states that under assumptions (A.1)~(A.2) and (B.0)-(B.4), 
(C, 25) is a quasi-regular Dirichlet form. Therefore there exists a special standard 
process (S*, P^) associated with (C, 25). Reminding that Tt C 951 is relative compact 
if and only if sup^g^.^(A') < oo for any compact set K C R'^, we see that the quasi¬ 
regularity of the Dirichlet form (C, 25) implies that for any compact set K, St(iL), 
the number of particles of the process in K, will not diverge to inhnity for any time 
t > 0, even though a jump rate is a long range. 

These assumptions are satished for the system of interacting a-stable process 
(a G (0, 2)), if a is strictly greater than k, where k, is the growth order of the density 
(the 1-correlation function) of /i, that is, p^{x) = 0(|x|'^), |x| —>■ oo. In particular, 
if /i is translation invariant, then k = 0 and the system can be constructed for any 
parameter a G (0,2). The condition that a> k seems to be best possible because 
it is a necessary condition to construct the independent system of inhnite a-stable 
processes. 

This paper is organized as follows: In Section 2 we introduce some notations and 
state our main results. Theorems O and 12.51 in this paper. We give applications 
of theorems in Section 3. We prove Theorem 12.51 in Section 4 and Theorem 12.11 in 
Section 5. 
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2 Setup and main results 

Let S' be a closed set in such that 0 G S' and S'™* = S', where S'™* denotes the 
interior of S'. Let Tl be the conhguration space over S dehned by 

Tl = OJt(S') = {.^ = (5a;.; ^{K) < oo for all compact sets iL C S'} 

i 

where Sa stands for the delta measure at a. 971 is a Polish space with the vague 
topology. A probability measure /i on 971 is called a random point field. 

For n G {0} U N U (cx)} we put 97ln = {^ G 971; .^(S') = n} and introduce a map 
x„ = (x*, ..., x"); 971n —)■ S'" such that ^ called an 

S'"-coordinate of We put Ur = {x E S'; |a;| < r} and 

mr,. = {^em-aUr) = n}. 

Note that 971 = dehne tt,. ; 971 —)■ 971 by 7r,.(.^) = fl Ur), and 

TT^ : 971 —)■ 971 by 7r}(.^) = .^(- fl {S' \ Ur})- A function Xr^n ■ ^r,n U'^ is called a 
t/"-coordinate (or a coordinate on 971r,n) of ^ if 

n 

i=i 

For / ; 971 —)■ M a function /"^(x) : 971 x 1/" —)■ M is called the LP'-representation of 
/ if satishes the following : 

(1) /"^(O is a permutation invariant function on U" for each ^ G 971. 

(2) /;,s,.,(') = /y,.,(') if <K(1)) = <K(2)), e m,.„. 

(3) /"^(*r,n(0) = /(O for ^ G 971r,n, where a3r^n(,^) is a ^/"-coordinate of 

(4) /"^(O = 0 for e ^ 971,,n. 

Note that /"^ is uniquely determined and f{^) = /r,^(*xn(0)- When / is 

(j[7r,]-measurable, //"-representations are independent of and is denoted by /" 
instead of /"^. Let 58, = {/ ; 971 —)■ M; / is (T[7r,]-measurable} and 58}'*^ = {/ G 
^r', f is bounded}. We set 

OO OO 

^^ = \J = IJ 

r=l r=l 

and call a function in 95oo a local function. Then, we introduce the set of all local 
smooth functions on 971 given by 

(2.1) 27o = {/ G 58oo; fr,^ is smooth on //" for each n, r, ,^}. 
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Note that for any / G 2)o we can find r G N snch that f{^) = ^ 

local smooth fnnction is continnous with the vague topology: 'Do C (7(971). 

For measurable functions on S'" we put 

[ V^jr{x„)V^jg"{x„)u{x„,Xj;y)dy, 

^ j=i 

where 


(2.2) V]r{x„) = P{xi,...,Xj_i,y,Xj+i,...,x„) - P{x„), j = 1,2, ...,n, 

and u{Xn,Xj]y) is a nonnegative measurable function on S'" x S' x S' which is sym¬ 
metric in Xr, and satishes 


/ (1 A ly - Xj\^)u{x„,Xj;y)dy < oo, x„ E S'", j = 1,2,..., n. 

Js 

We often write h'{^,x;y) for u{xr,{^),x]y) in case ^ G 97ln- Let f,g G Do with 
/(O = T,n=ofri^r,n{0) a^d g{^) = Y.n=o dri^rAO)■ We remark that although /; 
and 5 f" are functions of f/", they are naturally extended to the functions /" and gf" 
on S'” satisfying 

r(a:„) = r($„), 9 "W = if E '*-< = E 


i-.Xi&Ur 

Then we introduce the square held dehned by 

®[/i^](0 = lim B)[f,g]{7Te{0) 

with 


i:Xi£Ur 


i^oo 


i^](7r£(0) = 


/!"[/", f?"](a;,,„(0) foree971qn,nGN, 


0 


and the bilinear form dehned by 


for ^ G 971qo, 


(2.3) 


<£(/,^)= / ^f:9]iOKdO: 




Do. = {f E Do n /i); €(/, /) < oo}. 


We say a nonnegative permutation invariant function p" on S'" is the n-correlation 
function of y if 



x-.-xA™ 


p^{x„)dx„ 





/i(dO 


for any sequence of disjoint bounded measurable subsets C S and a 

sequence of natural numbers ki,... ,km satisfying ki + ■ ■ ■ + km = 'n. 
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Permutation invariant functions a" : f/" —)■ [0, cxd) are called density functions of 
fi if 

— I f!^{xn)o'"{xn)dXr, = f boundcd cr[7rr]-measurable functions /. 

JWr,n 

We introduce conditions (A.1)-(A.2): 

(A.l) (£, Doo) is closable on /i), 

(A.2) e dx) for all fc, r G M with some 1 < p < cxd. 

Under condition (A.l) we denote the closure of (C, 2)oo) by ((£,2)). 

We also introduce conditions (B.0)-(B.4): 

There exists a function p{r) on (0, cxd) such that h'{^,x;y) < Cip(\x — y\) for 
/x-a.s. ^ EVJt and dx-a..e. x,y E S. 

p^{x) = O (|a;|'^) as |x| —)■ oo for some k > 0. 

p(r) = as r —)■ cxo for some a > k. 

p{r) = as r —)■ +0 for some 0 < /? < 2. 

- = O (r~^) as r —>■ cx) for some 5 > 0. 

We remark that the LHS of (B.4) is rewritten by the 1 and 2-correlation functions 
of fi as follows: 

Var[^(f/^)] _ Ju^pHx)dx - J^ 2 (.pHxi)p^(.X 2 ) - p'^(xi,X 2 ))dxidx 2 

From the above expression we can readily check that (B.4) holds if /r is a Poisson 
random point field or a determinantal random point field. 

Now we state the main theorem. Please refer to mn for the definition of the 
quasi-regularity. 

Theorem 2.1. Suppose that (A.1)-(A.2), (B.0)-(B.4) hold. Then is a quasi¬ 
regular Dirichlet form on p). 

By virtue of [H Theorem IV.3.5 and Theorem IV.5.1] we get the following: 

Corollary 2.2. Suppose that (A.1)-(A.2), (B.0)-(B.4) hold. Then there exists a 
special standard process (S^, {P^j^esoi) associated with p)). Moreover 

the process is reversible with respect to the measure p. 


(B.O) 

(B.l) 

(B.2) 

(B.3) 

(B.4) 
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Remark 2.3. (i) A function F on 07t is called a polynomial function if F is 
written as 

with G C^{S) and a polynomial function Q on where (</>, 0 = Is 

and C^{S) is the set of smooth functions with compact support. We denote the set 

of all polynomial function on 971 by 21. By the same argument in [T3] we see that 

Theorem 12.11 holds if we replace Do by 21 in the dehnition of "Doo- 

(ii) Conditions (B.1)-(B.3) imply that there exists a constant R > 0 such that 

(2.4) [ dxp^{x) [ p{\x-y\)dy<R [ p^{y)dy, 

Js Ja Ja 

for any compact subset A. The property 02.41) is necessary for constructing the sys¬ 
tem of independent particles of jump type. We expect that we can replace condition 
(B.2) to 02.41) in Theorem 12.11 

We introduce a Hamiltonian on a bounded Borel set A as follows: For Borel 
measurable functions <F : S' —)■ M U {cxd} and T : S x S —)■ R U {oo} with T(x, y) = 
T(j/,x), let 


^ ^ ^{xi,Xj), where (xi,..., Xn) G S". 

XiGA Xi,XjGA,i<j 


We assume <h < cxo a.e. to avoid triviality. For two measures ui, z /2 on a measurable 
space (H, H) we write z/i < z /2 if z/i(A) < z /2 (A) for all A E B. Suppose that H 
is a topological space and B is the topological Borel held. We say a sequence of 
hnite Radon measures {z/^} on H convergence weakly to a hnite Radon measure z/ 
if limAT^oo / fdv^ = I fdu for any bounded continuous function / on H. Then we 
give the dehnition of quasi-Gibbs measures mm- 

Definition 2.4. A probability measure p is said to be a (<F, T)-quasi Gibbs measure 
if there exists an increasing sequence {br} of natural numbers and measures {Prk} 
such that, for each r,n eN, and p" := p{- fl ^br,n) satisfy 

hr,fc < hr,fc+i for all k, = hr Weakly, 


and that, for all r,n,k eN and for p"j^-a..e. ^ E 9Jt, 

(2.5) G mb^^^)K{dx) < p^^^^^dx) < E mb^,,)A{dx). 


Here we set 


!(*) 


1 if the proposition * is correct, 
0 otherwise. 


Rrix) = 'HfA(x), C 2 is a positive constant depending on r,n,k,7iu£ R), A is the 
Poisson random point held whose intensity is the Lebesgue measure on S', and hr,fc,f 
is the conditional probability measure of p" ^ dehned by 


( 2 . 6 ) 


kl,k,i^dx) = e dx\nu^^^{i)). 
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We remark that (<h, \I/)-canonical Gibbs measures are (<h,'h)-quasi Gibbs mea¬ 
sures. The converse is not always true. For example, Sine random point held, 
Ginibre random point held and Airy random point held are not canonical Gibbs 
measures but quasi Gibbs measures (HD El). We introduce some assumptions. 

(A.3) /r is a (<F, T)-quasi Gibbs measure. 

(A.4) There exist upper semi-continuous functions $0 : S' —)■ RU{cxd}, Tq : S x S —)■ 
R U {cxo} and positive constants Gs and G 4 such that 

G 3 "^<ho(s) < <F(s) < G 3 <Fo(s), for all s G R*^, 

C 4 r^'ho(s,f) < T(s,f) < G 4 To(s,t), for all s,f G R'^. 

Then we give a sufficient condition for closability. 

Theorem 2.5. Assume (A.3) and (A.4)- Then (C, 2)oo) is closable. 


3 Applications 

In this section we give some applications to Theorem 12.11 


3.1 Interacting Levy processes 

In this subsection we set S = R'^. From conditions (B.2) and (B.3) we can construct 
inhnite particle systems of Levy processes with interaction. In particular, if we take 

a;; y) = c{d, a)~^\x - 


for a > K with the constant c((i, a) given by 


c{d, a) 




then we can construct inhnite particle systems of (symmetric) a-stable process with 
interaction. In this situation the bilinear form is given by 


= ^ [ KdO [ ^(dx) 

^ Jm JRd- 


c{d,a)\x - yld'+a 


dy. 


From assumption (B.2) if /i is a translation invariant measure like Sine^ random 
point held with jd = 1,2,4 or Ginibre random point held, then we can construct 
interacting (symmetric) a-stable processes for all 0 < a < 2 . 
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Moreover, we can apply our theorem to interacting (symmetric) stable-like pro¬ 
cesses. For a measurable function a : —)■ M we define the following bilinear form 


‘SsL,a(M,t') = - 




{u{x) - u{y)){v{x) - v{y)) 

1 2 ; _ y\d+a{x) 


dxdy, G 


where A = {{x,x);x E M'^} and and is the space of all uniformly Lipschitz 

continuous functions with compact support. Under these assumptions 

(i) 0 < a{x) < 2, dx-au.e. x G 

(ii) 1 G 

(iii) there exists compact set iF G such that dx < 00 . 

It is known that the bilinear form is closable and the closure (CsL,a,-F sl,®) is a 
regular Dirichlet form on dx). Thus there exists a Hunt process 

associated with (<£sL,a,‘F'sL.a), which is a (symmetric) stable-like process [19]. Let 
u{^,x;y) = |x — such that a{x) satisfies the above conditions (ii), (iii) 

and K < a{x) < 2, dx-a.e. x G M'^. Then we can construct infinite systems of 
(symmetric) stable-like process with interaction. In this situation, the bilinear form 
is given by 


^SL,a(/) 9) 2 


KdO / ^(dx) 


'm 


f {/CT-/( 0 }{^CT-i 7 ( 0 } 

L\{X} \x - 


dy. 


3.2 Examples of generator and ISDE for the processes 

In this subsection we give examples of the L^-generator for the processes. 

Example 3.1. (i) Let /i be a Gibbs measure with a self potential $ and a inter¬ 
action potential T. Then we have 

P (y) dyy ^ exp I-$(?/) + <F(a:) - ^{T(a:i,|/) - T(xi,a:)} 

p^[x)dy^ ^ 

for X G ^ and ^\x = Then the L^-generator associated with the process Et 

is the closure of the operator 

Lf{0= f adx) f dy c{^,x-,y)[f{C^) - fiO], 

jR‘i jR‘i 



with 


c(^, x; y) = X- y)+v{C'^, y-x) exp -$(?/) + <F(x) 


E 


{^{xi,y) - T(xi,x)} 
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In particular, when x] y) = p{\x — y\) and <h = 0, 


c 



exp ( 0 :^, 3 ;)} 
exp{d'(a;i,|/)} 


Here we give two examples of interaction potentials with long range. 
(1) (Lennard-Jones 6-12 potential) 


'^{x^y) = \x — y\ ^‘^—\x — y\ x, 


(2) (Riesz potential) Let a > d. 


'^{x,y) = \x-y\ x,y E 


(ii) Our result is more interesting for quasi-Gibbs measures which are not Gibbs 
measures. The determinatal point helds, Sine^, BesseG,^, Airy^ and Ginibre random 
point helds are examples of them. The interaction potentials of Sine,g, Bessela^^ and 
Airy^ random point helds are given by 

T(x, y) =/5 log |x — j/|, x,y eM.. 

Ginibre random random point held /igin is a probability measure on the conhgura- 
tion space on with self potential <I>(x) = 0 and interaction potential ^(x, j/) = 
—2 log \x — y\. From Theorem 1.3 in Osada and Shirai [13] we see that 



In the forthcoming paper [T] we discuss that the associated labeled process solves 
the following ISDE: 


A,(t)=A,(0)+/ 

J\o 


N{dsdudr)ul (0 < r < c(H(s—), Xj(s—), Xj(s—) -|- u)), 


[0,t) X [0,oo) 


for j E N, where E{t) = Sxi{t) and N{dsdudr) is a Poisson random point held on 
[ 0 , 00) X X [ 0 , 00) with intensity dsdudr. 

3.3 Comments for Glauber dynamics 

Let /i be a random point held and x E S he its Palm measures. Suppose that 
fix: is absolutely continuous with respect to fi. Then we can consider the operator 
-hcia on L^{fi) dehned by 


LoiJiO = - f{0)pix)^i0dx + j^^{dx){f{^\x) - fiO) 
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Here we set • a; = ^ + for G 971 and x G S. The associated process can be 
regarded as the continnnm version of Glauber dynamics. This is associated with the 
bilinear form 

<£Gia(/,^)= / KdO f ^{dx){f{^\x) - f{^)){g{^\x) - g{^)). 

Jm Js 

Under the same assumptions on /i as in Theorem 12.11 we can show that the closure 
of (CGia,2)oo) is a quasi-regular Dirichlet form by the same argument. Whereas if 
fix is singular to fi such as Ginibre random point held, the operator Lcia can not be 
dehned and the associated Glauber dynamics could not exist. 


4 


Proof of Theorem 


2.5 


In this section we prove Theorem 12.51 As a hrst step, we prepare some notations. 
For m>n, f'^r, /cgN and ^ G 971, we introduce the measure fil’Tk ^ ^ \ 

determined by 

Juix(Ubg\Ub,r-'' 

for any bounded measurable function / on 97t. By fl2.5p . for fi'1'i^-a..s. ^ G 971, 
fC'Tki ^ density with respect to Here dx^ denotes the 

Lebesgue measure on f/^^. We note that according to 02.51) . is uniformly 

positive and bounded on x {Ub^ \ We consider a bilinear form ^rTqk^ 

For g G N put Uq{^,x;y) = x;y)l{iy{^, X]y) < q) and 


i=l j^i 

l<j<m 

m 

Ag(2/|a3a,) = l(^|<I>(|/) + ^T(|/,a;j)| < g). 

7=1 

It is readily seen that {z/^} is nondecreasing sequence in g such that lim^^oo x] y) = 
n(^,x;|/) for /i-a.s. ^ G 971 and dx-a.e. x,y E S, and {Ag(a3m)}, {Ag(|/|a3m)} are non- 
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decreasing sequences in q. We put 


€:T,g]kAf,9) = 


’UVAUb.XUbrr-" 




xE / A,(!/k®)VJ/,'J(a:„) ■ V>gl^(x^)v,((„xf,y)dy, 


j=i 


KTA^iLa) = 


'us^x{Ut^\Ub,r-'' 


/^r,£,fc,^('^*nn)Aq(a;m) 






<ZUf,9) = 


'uVx{Ui^\Ut,A”'~<' 




X 5] / A,{y\x^^))V)fJlx^)-V]gl^{x^)^^^^^ 


J = n+1 

Here for {f^^)m={o}uN, which are -represent at ions of /, we set 

yyp (x] = f “ /r,€(*n), if ajn e Ul, y^Ub,, 

^ ■ y) - fr,^{Xn), if G y G 

for j = 1, 2,..., n, with x^^'^ = (x^,..., ..., x") G S''~^ and Xn ■ y = 

Then we show the following lemma. 

Lemma 4.1. Assume (A.3) and (A.4). T/ien Doo) is closable on 

for vn > n, i > r, k,q E N and y'h^-a.s. f. 

Proof. By the simple observation we see 

(4-1) /) < f) = ^e,g,k,^if^ f) for any / G ^oo- 

Setting = fi'l^k,i-: '^6 have 

^lg,k,^UJ) 

,=i 

<2 / /2'^k,^(dxJAg(xj'f^ [ Ag(|/|a;fo){/;^^(a;^>a)2 + /;|^^(a;^)2}zyg(^,a;^.;i/)ci|/ 

g=i 


2g / ylk,i{.dx^)Aq{x^)^ j Aq{y\x^^)f'f'^^{x^-yfdy 


i=i 
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and the first term of the right hand side is bonnded by 


m « 

j.i 


Aq(a;m)(T£ 


(T 


■ y) 




• 2 /) 

— 2C2e ^iTig|t/bJ 

where C 2 is the constant in fl2.5p . Hence we have 


■ V) <ix„dy 


(4.2) 


«?,«(/./)< 2(C2V’+ l)m,|l7i,Ill/ll 


2 


Let {/„} be a ^ .-Cauchy sequence in Doo such that lim \\fn\\L^mi^,^l'v, A = 
0. Then by (gT]), (gil]) we get lim ^rTq k eifn, fn) = 0 for /r^fc-a.s. ^ Hence, 
(^r’q!j,fc ,^5 ®oo) is closable on yT,k,i)- Thus we complete the proof. □ 

We use the following lemma, which is given in (Qj Lemma 2.1(1),(2)]. See also 
P Prop. 1.3.7]. 

Lemma 4.2. (P Lemma 2.1(1),(2)]) Let {(£("), S}*^"'^)}„gN be a sequence of positive 
definite, symmetric bilinear forms on 

(1) Suppose that ((£("-\ 2)("i) is closable for any n G N and {(£("), 2)•^"'^)} is increas¬ 
ing, i.e. for any n e N we have D 2 }("-+i) and (£^"i(/,/) < for 

any f G Let <£°°(/,/) = hm„^.oo /) ^b,e domain 2)°° = {/ G 

sup^gpj /) < cxo}. Then ((£°°,S}°°) is closable on L‘^{'!M,fi). 

(2) In addition to the assumption (1), assume are closed. Then (C°°, 2)°°) 

is closed. 


For r, £, fc, n, m G N, G 071, we set 


KAk,^ifJ) = 1™ (S"’gg,fc,?(/>/)> / e 20c 

1 1 IS q^oo ’ 


and put 


KUf\f)= / lim ,5(/,/)/i,-,(dO,/e 2)00, 


'an 


g —400 


where is dehned in fl2.6p . 


Lemma 4.3. Assume that 20oo) is closable on L^(07l£,m ,for plff^-a.s. 

Then (2:"’7'fc, 20oo) is closable on L'^flM, laf'ff). 


Proof. Let {fp} be a CB^^-Cauchy sequence in 20 00 such that limp^oo ||/p||L 2 ( 5 rr;,/ 4 ;j’j,) = 
0. By the dehnition of 


2 




'm. 


2 




)hqfc(^0- 
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Hence we have 


(4.3) hm [ = 0 

p,q^oQj^ 

(4.4) ^ '^• 

By the definition of ^ we have 


(4.5) 




KAk,^ifp - /p+i) fp - fp+i)fJ'i,k{^0 

I ^^T,kidO [ i^rAk,^id^<^ 


Ju,^ J=1 

X l{{xj e Ub^,y e t/bj U {Xj e Ub, \ Ub,,y e Ub,)}iy{^,Xj;y)dy. 


For a fnnction / on we set a vector valned fnnction {f{^,Xm,y,j))'jLi 

X Ul X ^7,7" X defined by 

f{^,x^,y;j) = V^jf^^{x^)l{{xj e Ub,,y e Ub,)u{xj e Ub,\Ub,,y e Ub,)}^iy{^,xf,y). 
Hence by fl4.5p we have 



^n,m fr 


/p+1) fp 


fp+i)fJ'T,kidO 


'^e,. 




'u?x(u,.\u,^r 


- n,m / 7 _ 

f^r,e,k,^\d^<^ 


P m 

X / 2/;j) - /p+i(^, y.3)Ydy. 

du,, ,=1 


Combining this with fl4.3p . we see that the seqnence {fp} of fnnctions on x 

Ub, X {Ubi \ X Ubf is a Cauchy sequence in x x {Ub^ \ x 

Ube, f^TAdO ® Id r’Tk^idXfy^) (g) dy). Therefore, there exists a vector valued function 
h e L‘^{Tle,m X 7", X (Ub^ \ Ub,)"'^'' x f7b^, /i^ ® ® dy) such that 


ll/p - -t 0 as p -)■ cx). 

Hence we can choose a subsequence {fA} of {fp} such that 
(4.6) 

lim / ArykAdxA y'{/^^(^, p; j) - h(^, p; j)}^dp = 0, 

P^oo Jus^x{u,^\u,^r-' Jut,, ^=1 
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By fl4.3p and fl4.4p we can choose a snbseqnence of {/p^^} snch 

that 


lim 

p,q—^oo 


^n,m /^(2) _ r(2) r{2) _ r{2)\ ^ Q 

p Jq "! Jp Jq ) 



2 


0 , 


hqfc-a.s. 


Therefore, by assnmption, we have 

(4.7) lim fp^) = 0 for hrVa.s. 


By fl4.6p . 04.71) and the dehnition of <£"’7^ we obtain h = 0 for dy-a.e. 

XmiV). Thns we have 

By the dehnition of this implies hmp^.oo /p) ~ 0- Thns the proof is 

completed. □ 

We set 


oo m 


(S°°(/,/) = lim lim ^ ^ lim 

r—>-00 £—>oo ^ ^ fc—>oo 

m=0 n=0 


/ lim 

/ am ^r,e,q,k,F 




for any / G 2)oo- 


Note that a: § increasing in n, m, r, q, k. Combining Lemmawith Lemma 
14.21 (1) and Lemma [4.11 we have the following lemma as a second step. 

Lemma 4.4. Assume that (A.3) and (A.4) holds. Then is closable on 

As a hnal step, we show Theorem 12.51 We show the following lemma. 

Lemma 4.5. We have f) = £(/, /) < oo for all f G Doo- 

Proof. We consider the following sqnare helds on T)oo'- for f,g E Doo, f G 91tT-,n, 
r G N, let 


ror’^[/w](0 '=^2 Vi/r,«(*r,n(0) ' 5(0)<n(0 


j = l ^f>r 


»J4/.s]K) - E / ^’fr.(M0) ■ ^’'g"r,(i^rA0MtrU0-,y)dv, 


j=i “"W 


and 


K’V,9m--= / adx) 


'f/f. 
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where we set 




^n+l 

r,^\x 




if > 1, 2/ e 


We put 


and 


D^l/.sltt) 


EllDrl/.SlK) «e®lr,n, 

0 e ^ snr^„. 


»rl/.s]K) = 5Z®"l/'9lK)- 

n=0 


Then we consider the bilinear forms on Doo defined as <£,•(/, g) '■= 5'](0/^(^0 

for f,g ^ "Doo- In addition we set 


^"{f,g) = lim lim 

£—>■00 ' ^ ^ fc—>-oo 

m=0 n=0 


/ im 

l<Xfl 


U.g)g^M) 


for any f,g e Doo- 


Then we can see 


(4.8) (£^(/, /) = (£^(/, /) for any / G Doo- 

Let / e Doo n Then we have Y.7=o [/> /] (0 = [/> /] (0 for all r < £ 

and p-a.s. Then we have (Br{f,f) = Combining this with 

04.811 we can have hmr_>,oo <S’'(/, /) = (£(/, /). Thus the proof is completed. □ 

From Lemma [ 4.21 (1) we have that ((£“, is closable, where we set 
/) = hni r (/, /), = (/ e 2)oo; sup r (/, /) < ooj . 

r^oo [ J 

Combining this with Lemma [4.51 we see that '£“(/,/) = 'S(/,/) for / G Soo- Thus 
j)oo _ 2 }^ Then we show that (£, Doo) is closable. Thus the proof of Theorem 12.51 
is completed. 

Remark 4.6. When is closable, we denote its closure by for 

r G M. Since {(£,., 25r)}rGN is increasing, (£oo,2?oo) is closed by Lemma |12] (2), 
where 


^oo(/, /) = lim (Brif, /), Soo = {/ e n sup (H^(/, /) < CX)}. 

Im 

It is clear that S?oo C 'Doo and £oo(/,/) = '£(/,/) for / G Doo- However (£oo,2?oo) 
is not necessary to be the closure (l£, 2)) of (C, Doo)- (<2,®) coincides with the 
decreasing limit of the closure of (Cr,Doo C (See [HI Lemma 2.1 (3), Lemma 

2.2 (3)]). 
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5 Proof of Theorem 


In this section we prove Theorem 12.11 Let (iS, 2)) be the closure of ((£, 2)oo)- We 
hrst examine the Markov property of the closed forms (C, 2)). 

Lemma 5.1. (C, 2)) is Markovian. Then is a Dirichlet form. 

Proof. For e: > 0 there exists e such that ^Peit) = t for all t E [0,1], 

1 + £] and |(p[.(t)| < 1 for all t eM. By the mean-value theorem we get 


(5.1) 


B)[p>eOf, TsO f]{0 



O f){0y ^{^,Xj-,y)dy 


1 ^ r 

2 $^ / W'e{cxj,y)^p{OV ^i^,Xj]y)dy, 
j=i "''5 


where f = and is a constant depending on Xj and y. Since sup^^g \ (p'^(t) \ < 

1 holds, then we get 


(5.2) RHS of dSl]) < sup|v7'(f)|^ ■/ {V^jfiOY ^{^,Xj]y)dy 


teK 


1 


i=i 


i=i •'s 


Then o / G Doo for all / G S)oo and from fl5.2p we get 


f,TeO f) = f B[p>eO f,TeO f]{0Tidf) < [ ]D)[f,f]{f)y{df) = €{f,f). 
Jm Jm 

This implies (iS, T)) is Markovian (See [U Proposition 1.4.10]). □ 

We show the quasi-regularity of the Dirichlet form (2,2)). We introduce a mol- 
liher on Let j : —)■ M be a non-negative, smooth function such that 

fj^aj(x)dx = 1 and j(x) = 0 for |a;| > Let j£(-) = e'^j(-/e) and j"(xi,..., Xn) = 
n"=ii£(^i)- For / G C we put 



= i." * fr- 


r+s,^ 




i"(®n - y)fr+e,^{y)dy, x„ E U". 


Since / is cr[7rr]-measurable, = /"+£ and f"j^^ is a f/r+£-representation of some 

cr[7rr+e]-measurable function. We denote the function by 2r,ef, that is, 

X,s/(0 = fr+ei^), if e e m,,r+e, n G M U {0}. 

The following lemma is given in [9l Lemma 2.4]. 
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Lemma 5.2. (i) Let f G Then we have the following: 

TSr,ef ^ ®oo > 0, lim ||-Jr,e/' /11(3)t/x) 0. 

£^0 

(ii) Let f G 23 such that /" G C°^{Uf) for all n. Let 5 > 0 and Nr ,5 = {^ G 
Tl;f{Ur +5 — Ur) = 0}. Then 

limX+5.£/(0 = /(O for all f G 
£^0 


(Hi) Doo is dense in L'^(fM,fi). 

Let A = {a = {ar}rgN;ar G N, Or- < Or+i for all r}. For a = {arlrsN G A, 
let 9Jl[a] = {.^ G 9Jl;^(f/2r) < for all r}. Then 97t[a] is a compact set. (See 
[151 Proposition 3.16]. ) Suppose a,b E A and c G M. we set a+ = {a^+iIrGNi 
ca = {ca^lreN and a + b = {a^ + fojreN- Let 1 be a sequence that = 1 for all 
r G M. 

Lemma 5.3. Assume (B.f). Let a„ = G A, n G N. 

Then we have 


(5.3) 





1 . 


Proof. By Chebyshev’s inequality we get 


/i [^(1720 > nEr{^{U2r))] = ft [f{U2r) - E^(e(f/20) > (^ - l)E'^(e(f/20)] 

^ Var(e([/20) 

- (n-l)2EA‘(e(f/2.))2' 


Hence 
(5.4) 


oo / oo 


n=2 \r=l 


^ 1 Var(,^([/2r)) 


By (B.4), 

Var(e(^20) ^ Var(e(^20) ^ . sr. 

E^m2r)y E^m2r)r ^ ’ 

holds. Hence the RHS of fl5.4l) is finite. Therefore from Borel-Cantelli’s Lemma, for 
p-a.s. f there exists uq > 2 such that .^(f/ 2 ^) < noE^(,^(172'')) for any r G N. 

By (B.l) we can check E^[^(t/ 2 ^)] = O . Hence we see that for p-a.s. 

f, there exists n G N such that (,{ 1 / 2 ^) < an,r for any r G N. This complete the 
proof. □ 
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We introduce the function x[a] defined by 


xWK) = P o <i.«) "EE 

^ Ciy’ 

r=l 

where {xj)j^^ is a sequence such that \xj\ < \xj+i\ for all j G N, .^ = ^xj and 

Jr,i = {]]] > ar,Xj e U 2 r}. 

p : M —)■ [0,1] is the function dehned by 

{ 1 if f < 0, 

1 - f if 0 < f < 1, 

0 if 1 < f. 


Lemma 5.4. For any a = {a^lreN ^ A we have 


(l ^f^em[a], 

x[«](0 = <e[o,i] 

[o tf^em[ 2 a+Y, 

where we set = 9Jt[6] \ 0Jt[a] for a,b E A. 

Proof. For ^ E 9Jt[a], = 0 for all r G N. Then we can check da{i) = 0. Hence 

x[«](0 = 1- 

If ^ G 0Jt[2a+]'^ then there exists ro such that ^{U 2 ^o) > 2aro+i + 1. Then 


(5.5) 


^Jro+1,^ — nr-Q+l T 1 


holds, where jjJ denotes the cardinality of the set J. We take xj^ E {xj E U 2 ^o;j G 
and fix. Then (2^°+^ — |xj(,|) A 2'’° = 2^° holds. Hence 

(5,6) (2-»-^‘-|;ij,|)A2--° _ J_ 

Therefore from fl5.5p and fl5.6p . we have 


dM)> E 

JG Ag + 1,5 


(2>'o+i _ \xj\) A 2^° 

2"oa,g+i 


^ Qro+l + 1 
^ro+l 


> 1 . 


Hence x[a](,^) = 0. Moreover since x[“](0 = P°da(0 and p{x) E [0,1] for all a; G M, 
we see x[“](0 ^ [0,1] for all ^ E OJt, especially for all f E . Thus the proof is 
completed. □ 

From this lemma we can call xVA ^ function on iDf[a]. 
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Lemma 5.5. Let f G 2)oo and a = {a,,} G A then we have 

(5.7) D[x[a]/,x[a]/](0 < 2 (D[x[a], x[a]](0/(0" + ®[/,/](0) , 
and 

(6.8) 

D|(l - \'|a])/, (1 - x[“l)/IK) 

oo « 

< D|x'|a],x[a||(^)/(^)= + E / (^ “ - fmMi,K,y)dy. 

i=l Js 

Proof. Let /,5( G 2)oo and ^ ^xi- 

1 °° 7 

(5.9) Blfgjgm = / U(e‘n3(e"'‘) - 3(&f(&)Mi,xy,y)dy 


i=l 


1 

2 


E / {(s(r‘'')-9K))/(o+s(r''')(/(r"”)-/K))}V(?,n;!/)d!/ 

i.i .'s 

CXD „ 

< E / {(sr*’') - 9K))VK)"+9(r”*)"(/(r‘’'') - x,-, </)%. 

*=i 

Substituting x[<3-] into in the equation fl5.9l) . we have 

OO „ 

*=1 Js 


i=l 

<2(ro[x[a],x[a]](0/(0' + D[/,/]), 


since x[<^](0 — 1- Hence we obtain fl5.7p . 

We prove the second claim. Substituting 1 — xVA 9 equation fl5.9p . 

we have 

D[(l-X[a])/, (l-x[a])/](0 


< 




i=i Js 




i=l -JS 


Hence we get 05.81) . Thus the proof is completed. 

The next lemma is a key part of the proof of Theorem 12.11 


□ 
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Lemma 5.6. Assume (B.O), (B.2) and (B.3). Let = {ar).,r}reN = 
Then there exists C = Cd,a,p,K, such that 


(5-10) [ B)[x[an],x[an\]{OfiO^T{dO<c[ /(OV(c^O, 

an —± 

for all n eN and f G Dqo, where «>«:, 0</9<2 are in (B.l) and (B.2). 

Proof. From assumption (B.O) we have 
(5.11) LHS of flHTTnl) 

- f 2(a ) +^P(df)f{fY j (xK](r‘’^)-xK](0)^C'lP(l2/-^^l)c^2/• 

Here we used the fact that f ^ implies x[f^n\i^^^’'^) — x[<3'n](0 = 0. From 

assumptions (B.2) and (B.3), it is enough to consider the case where 


p{r) 


^ d a if > X, 
^-d-p if r < 1, 


for 0 < K < a and 0 < /3 < 2. Since 


\x[a]{v) - X[a]i0\ < \daiv) - daiOl^ ioi a E A and f,T] E Tl, 


we have 
(5.12) 

with 


RHS of fimii < 


C'l 


2 

an —J- 


J{0"-{ii{0 + i2{0)p{d0 


2=1 

oo 


*=1 


> iC')')2l(l2/ 


^O-nlsJJ 1 1 

d+p 

1 ^ '-Lv 

\y-x.\ 

d+oL ^y 


Let Ar = U 2 r- \ U 2 r-i for r >2 and Ai = 1 / 2 . We see that 

\daAC-^)-daA^)\<\\x^\-\y\ 


111 
+ -+ 


Or—Or—2^ ^ Or^ 

Z/ ^n,r ^ ^n,r—1 ^ ^n,r+l, 

for r G N, Xj G y G A^-i U U H^+i with \y — xf < 1. Combining this with 


Or —1 1 ~ 

^ ^n,r ^ ^n,r—l ^ ^n,r+l ^ ^n,r—l 


-, for n,r eN, 
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we obtain 


- daAOl < |k*l - \y\\i ^^— < \y-^i\7^ 

^ ^n,r—l 


2^-^a„r-i' 


for r G N, Xj G Ar, y G Ar-i U U Ar+i with \y — Xi\ < 1. Hence we have 

i 2 1 l{\y - Xi\ < 1) 


(5.13) 


r=l Xi&Ar 


/i«)<9l] E 

r=\ 
oo 


Xi 


-bll 


22’'-4a2,,_^ \y_xA+0 

l{\y-Xi\ < 1) 


dy 


r=l Xi^A, 
oo 




-2 


-dy 


< 9 V ^ • f ¥4^*. for ? 6 <OT=<“_t« 

where we nse < 2an,r+i + 1 for G . We remark that 

1 ( 1^1 < 1 ) 


(5.14) 


In addition we have 


dz < oo, for all 0 < /3 < 2 . 


( 6 . 16 ) E 


2 nn,r+l 4“ 1 


I ^ I d+/3 —2 


^ 22’--4a2 ^ 22^-4 • n222h-i)(rf+«) 

1 


1 1 ^1 1 

/ ^ 2i’('^+^+ 2)—3(ci+K)—5 / V 1^2 22i’(<i+K+l)—2(ci+K)—4 

r=l r=l 




( 1 / 2 ) 


-2 


1 — ( 1 / 2)‘^+'^+2 X — ( 1 / 2 ) 2 ('^+'^+ i ) 


< CX). 


Then from From fl5.13p . fl5.14p and fl5.15p . there exists a constant C 5 = f3, k) > 

0 


(5.16) 


/i(0 < Cs, for ^ e 


On the other hand we have 

OO OO 


fr(o = E E E / 

r=l 1=1 


y\ A fcM2H\y-Xi\>A 


daAOY 


\y - xA+<^ 


dy 


EE 


(4a.(r"”)-<(0) 


2li\y-Xi\ > 1 ) 


= 1 XiSA.r — 


OO 00 « 

EE E / -‘fo.K)) 

r=l XiSA,. £=1 dAe 


\y - Xi\^+° 
2 l i\y-Xi\ > 1) 

\y-xA+^ 


dy 


dy 


£—r|>l 

= /3(0+^4(0- 
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We see that 


1 


1 


1 


KAc-n - da„m < 


+ -+ 


®n,r—1 ^n,r ®n,r+l 

for r G N, Xj G Ar and y G Ar-i U ArU Ar+i. Combining this with 

1113, 

H-1-< -, for r, n G N, 


we obtain 


®n,r ®n,r—1 ®n,r+l ®n,r—1 


\daAC-n - da„m < 


^n,r—1 

for r G N, Xi G and y G Ar-i U U A^+i. Hence we have 


(6.17) 


oo „ 

4(0 <9^ E / 

7’=l XiSAr ^ 


1 1(||/-X,|>1) 


A,_1U^.UA,+1 a^r-i b - 1'^+“ 


dy 


2nn,r+l “1“ 1 


l(|l/-(ri| > 1) 


<9V 2 / , 

^ <r-l J Ar-lUArUAr+l 1 1/ “ r+“ 

OO 


dy 


^ f for e G 


®n,r-l 


|^|d+c 


where we nse < 2an,r+i + 1 for G We remark that 

/■ 1(1^1 >1) 


(5.18) 


In addition we have 


\z\d+a 


-dz < oo, for all a > 0. 


/ . , ■G 2«n,r+l + 1 G n2l'+'>(J+«)+l + 1 

(5.19) 2^—2- = 2^ 


r=l 


^n,r-l 


r=l 

oo 


E 


^222(r—l)(d+K) 
1 1 


1 1 

2'’'{d+K)—3{d+K) — l / V jj2 22i’(c^+k)— 2(rf+K) 

r=l r=l 




1 - (1/2)'^+'^ 1 - (l/2)2C+«) 


< OO. 


Then from fl5.17p . flb.lSp and fl5.19p . there exists a constant Cg = CQ{d,a,tAj > 0 
snch that 


(5.20) 

Moreover we see that 


4(0 < Ce, for ^ 


l<la„(O-")-<la,(0l< 


E 

m=iAr 


1 

^n,m 
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for r G N with |£ — r| > 1, Xj G and y G A^. Hence we have 


CO CO « / ^Wr 

(5.21) h(o <Y^Y. E / E 

r=l XiSAr ^=1 \m=iA 


1 \ 1(|7/-X,|>1) 


d+a 


r|>l 
oo / £Vr 


.=Mr 
2 


< 


EE E E 


^"=1 Xi£Ar i=l \m=iAr 
\i-r\>l 


\y - X: 
r i(|y-x,| >1) 


dy 


-dy- 


We remark 12 


i^Ar—1 _ 2^i\'r\ ^ (2i\/r—2 


for any r G M with \i — r\ > 1. Then 


(5.22) 


RHS of 


OO / £Vr 


< 


< 


EE E E 

?’=l XiGAr £=1 \m=£Ar 

\£—r\>l 

oo oo / £Vr 

EE E E 

r=l ^=1 \m=£Ar 


j J A^ 


l{\y-Xi\ > 1) 

2(-^Vr—2)(d+Q() 

|A.| 


dy 


2(^V'r—2)(rf+a) 


■r|>l 

CO CO 

^E E 

r=l £=1 
|£—r|>l 


f £ ^ ) 

2 

(2an,r+l + 1) 

\m=Mr 

2^{£\/r—2){d+a) 


where we use < 2an ,r+i + 1 for G and | ■ | denote the Lebesgue 

measure on R'^. Since 


£Vr 


iVr 


E E 


< 


1 


^nm n2^A+A - n 1 - ( 1 / 2 )'^+'" ’ 

m=£Ar ' m=£Ar ^ 


we obtain 
(5.23) 


CO CO / £\/r 

E E E ■ 

r=l £=1 \m=£Ar 

|£—r|>l 


(2an,r+l + 1) I 

2(-^Vr—2)(d+Q) 


^ If (l/2)hM(rf+'^) f ^ + l + l)|y4£| 

2—/ 2—/ r)2 


.ri Gr "Hi -(i/a)"" 

1^—r|>l 


CO CO 


E 


r=l £=r-\-l 


2^r(d-\-K)+a£ 


CO r—1 

c-«EE 

r=l £=1 


2(.((Vr—2)(d+o) 

1 

2^r{a—K)-\-£{d+2K) 


< OO, 


where Ci = Ci{d, a, n) for i = 7,8 are constants depending on d, a and n, and we use 
a — K, > 0. From fl5.2ip . fl5.22p and fl5.23p there exists a constant Cg = Cg{d,a, k) > 0 
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such that 


(5.24) hiO < Cg, for e e 
Therefore from fl5.16p . fl5.20p and fl5.24p we obtain 

(5.25) /,(0 + = hiO + h(() + hiO < Cs + Ce + C„ tor ? e 

and the lemma is proved with C = ^dC’s+c'e+CQ) _ q 

Lemma 5.7. Let a„ = {a„^r}reN = Then for f G S)oo and n eN we 

have 

(5.26) X[«n]/ e 2) 

and 

(5.27) 11(1 -x[«n])/iii < J{c+2) [ 

y Jw[an-l]‘^ 

where C is the constant in Lemma fdTdl and \\f\\l = Il/Ili 2 (g 3 { + ^(/,/)- 
Proof. By 05.71) we have 

(5.28) 

<2(x[an]/,x[«n]/) < 2 f ©[x[a„],x[aJ](0/(0V(c?0+ 2 f ©[/,/](0h(c?0 

Jm Jm 

<2 f ©[x[a„],x[a„]](0/(0V(c^0+ 4<£(/,/). 

Jm 

From Lemma 15.61 the RHS of 05.28p is bounded by 

/(O V(rfO + 4e:(/, /) < (2C + 4) (||/|| + £(/,/))< CX). 

Hence we obtain 05.261) . 

We show the second claim. By 05.8|) we have 

(5.29) £((1 - x[an])/, (1 - x[aj)/) < / /i(dOD[x[an], x[«n]](0/(0^ 

Jm 

n OO n 

+ / m)y\ / {(i-xW(r‘’")t(/r‘’'')-/(0)>K.i'i;!/)rf!/. 

./an j ./s 

Since 1 — x[an](0 = 0 on Tl[an\, from Lemma 15^ we have 

(5.30) RHS of dS^HD < / fifffi{dO + 2[ D[/,/](OMc^O- 

Jm[an-iY Jm[a„-iY 
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Hence by fl5.30p 

ll(i-xW)/|i;<(c + i) / /K)V(rfO + 2/' D|/./]KM<iO 

<(c+2)[ {mf+Dif.mnm)- 

Therefore we obtain fl5.27p . Thns the proof is completed. □ 

We show that the Dirichlet form (C, 2)) is a quasi-regnlar Dirichlet form, that is, 
(2,2)) satisfies 

(C.l) There exists an (£-nest consisting of compact sets. 

(C.2) There exists an || ■ ||i-dense subset of 2) whose elements have (^-continuous 
m-versions. 

(C.3) There exist G 2), n G M, having (^-continuous m-versions and an (£- 
exceptional set N such that separates the points of X — A^, i.e. for 

every pair (si, S 2 ) of distinct points of X — N, there exists a function Un which 
satisfies Mn(si) 7 ^ Un{s2). 

Please refer to for the terminologies in the above. Let 

Scut = {x[«n]/;/ e Soo,n G N}. 

By fl5.26p we obtain 2)cut C S. By fl5.27l) and Lemma 15731 we see Doo C Scut, where 
A denotes the closure of A with respect to || • ||i. By 2)oo = S we see 25cut = S. 
Let 2D(n) = {/ G S; / = 0 a.e. ^ on 9Jt[2(a„)+]‘^}. By Lemma EH we see 

00 

Scut C IJ S(n). 

n=l 

Hence {92t[2(a„)+]}„gH is a compact nest. We thus obtain (C.l) in the above. (C.2) 
and (C.3) are shown by the same argument as that in [9l p.l27]. Combining these 
we see (C, S) is a quasi-regular Dirichlet form. 
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